The present paper is aimed to study the buckling and postbuckling response of functionally graded carbon nanotube (FG-CNT)-magnesium (Mg) nanocomposite plate with interphase effect. Interphase zone is characterized by employing a cohesive zone model for its elastic modulus and thickness. An equivalent solid fiber (ESF) of CNT and interphase is modeled and dispersed into the matrix material by utilizing random sequential adsorption (RSA) technique. The effective elastic properties of the nanocomposite are computed by finite element method (FEM) based numerical homogenization technique. The obtained elastic properties of nanocomposite are utilized to investigate the buckling and postbuckling behaviour of different functionally graded (i.e., FG) nanocomposite plates modeled by varying the volume fraction of CNT/ESF along thickness direction, under in-plane compressive loads. The non-linear formulation is based on first-order shear deformation theory and von Karman's assumptions. It is found that considering the interphase between CNT and Mg matrix would result in decrease in buckling load and postbuckling strength of FG-CNT-reinforced nanocomposite plate as compared to nanocomposite without interphase. It is also reported that the higher volume fraction of CNTs near top and bottom surfaces than the middle portion of nanocomposite plate provide better resistance to buckling and postbuckling.
Introduction
Carbon nanotubes (CNTs), one-dimensional (1D) tubular structure of hexagonally arranged carbon atoms exhibit exceptionally high aspect ratio in combination with low density, as well as high strength and stiffness. Theoretical and experimental studies in the literature have shown the unusual mechanical properties of CNTs -Young's modulus up to 1.2 TPa and tensile strength in the range of 50-200 GPa [1] [2] [3] . These extraordinary mechanical properties of CNTs make them ideal candidates for reinforcements in matrix materials to form light-weight nanocomposite having enhanced stiffness and strength [4] . In 2007, Esawi et al. [5] showed up to 50% and 23% enhancement in tensile strength and stiffness, respectively, of 5 wt.% CNTreinforced aluminum nanocomposite. To take full advantage of an reinforcement in CNT-nanocomposite, it is important to consider the issues related to the interphase between CNT and matrix material [6] , and proper dispersion of CNTs in a matrix material [7] .
The large aspect ratio of CNTs incline to transfer high load from the matrix material to CNTs which in turn depends on the interphase zone between them. Therefore, the effective mechanical properties of the CNT-reinforced nanocomposite depend on the strength of the interfacial bonding between CNT and matrix material. Carbon atoms in a CNT are chemically stable because of the aromatic nature of bonding between carbon atoms, and mainly there exist van der Waals (vdW) interaction between the CNTs and matrix material. Tsai et al. [8] introduced a threephase model of the CNT-reinforced nanocomposites by modeling the interphase zone between the CNT and polyimide as a separate phase and evaluated the stiffness properties of the interphase zone by utilizing the non-bonded energy based on Lennard-Jones (LJ) potential. Shokrieh and Rafiee [9] used 3D non-linear spring elements (named as COMBIN39 element) of FEM based software ANSYS to model the interphase zone and developed an equivalent long fiber consisting of CNT and interphase zone to predict the stiffness properties of the CNT/polymer nanocomposite. Hernández-Pérez & Avilés [10] reported that the thick-ness of the interphase zone strongly influences the stiffness properties and stress distribution of the nanocomposite, especially for matrix materials having low elastic modulus. The separate modeling of interphase zone from the CNTs in a matrix material leads to high computational cost which can be minimized by modeling a CNT along with adjoining interphase region into an equivalent solid fiber (ESF). Then the ESF and matrix material are assumed to be perfectly bonded in a continuum model. The effect of weak interface between the CNT and matrix material is considered in the characterization of ESF [11] . Shokrieh and Rafiee [12] suggested not to compare the stiffness properties of ESF-reinforced nanocomposite obtained from finite element modeling with those predicted by the micromechanics based rule of mixtures, since the latter doesn't consider the effect of perfectly bonded interphase zone between CNT and matrix material and hence overestimates the stiffness properties. Rafiee & Mahdavi [13] reported that the Young's modulus of ESF considering the effect of interphase region is nearly 38% lower than that of isolated CNT.
Since the interphase region between CNT and matrix material has a significant effect on the effective elastic properties of nanocomposite [14] , thus it is necessary to study its mechanical behavior on a proper theoretical background. A generalized equation of cohesive zone model for the interphase force field based on the vdW interaction between CNT and polymer matrix material was proposed by Jiang et al. [15] . Tan et al. [16] incorporated the nonlinear cohesive law, derived by Jiang et al. [15] , and concluded that improvement in the mechanical behavior of the CNT-nanocomposite is observed only at small strain, but at large strain such improvements vanish because of the complete debonding of CNTs from the matrix material. Zhao et al. [17] also utilized the same cohesive zone model for the interphase region to predict the cohesive energy and equilibrium distances for CNT/graphene, CNT/substrate and two crossing CNTs by continuum modeling of the van der Waals interaction between them. Further, Zhang et al. [18] modeled a functionally graded variation of interphase (FGVI) using the same cohesive zone model and studied the effect of FGVI on the stiffness properties of nanocomposite and cohesive strength.
Further, the poor dispersion of CNTs in a matrix material results in aggregation of CNTs that in turn lead to adverse effect on the elastic properties of nanocomposite material [19] . Different experimental techniques have been contrived by the researchers to disperse the CNTs in matrix material [20, 21] uniformly. Rahman et al. [22] reported that the proper distribution of CNTs in matrix material leads to the improvements in the tensile properties of CNT-nanocomposite. Wang et al. [23] concluded that good dispersion of CNTs can be obtained by reinforcing short CNTs in a matrix material. In addition, in contrast to stiff and straight CNTs of large diameter, the bent and entangled CNTs having small diameter are harder to disperse uniformly in the matrix material with the increase in CNT content [24] . The uniform dispersion of CNTs in a matrix material can be modelled through the random sequential adsorption (RSA) algorithm [25] , which is widely applied to model an RVE of conventional composites containing random fibers [26, 27] . Pan et al. [28] employed RSA technique to study the effect of the fiber interaction on overall stiffness properties of composite materials. Bailakanavar et al. [29] proposed a hierarchical RSA algorithm to generate unit cells having randomly distributed fillers to achieve the fiber volume fraction up to 45% for the aspect ratios as high as 20. Abd El-Rahman and Tucker III [30] utilized the radial and shortest distance distribution functions to simulate the randomness of long fibers (i.e., l/d = 100). Recently, Song et al. [31] developed RVE models containing a 3D network of reinforcements within the RVE and demonstrated that computationally homogenized models with material periodic conditions are independent of RVE size and proved that homogenized results are computationally efficient compared to the statistical models. Boolean based RSA technique proposed by Liu et al. [32] anticipates the position and orientation of non-overlapping fibers of arbitrary shapes without entering into the iterative procedure, thus found to be more general and computationally effective.
Apart from the uniform dispersion of CNTs, another important methodology to further improve the mechanical properties of CNT-reinforced nanocomposites in a particular direction is through proper alignment of CNTs [33] . Many researchers have devised different experimental techniques to align the CNTs in matrix materials. For instance, Ogasawara et al. [34] fabricated the aligned CNT/epoxy prepeg by using hot-melting method and reported the enhanced Young's modulus and tensile strength than those of nanocomposites produced by utilizing conventional CNT/epoxy mixing methods. Bradford et al. [35] developed a novel shear pressing method to quickly obtain the aligned CNT preforms for nanocomposite fabrication. On the other hand, to model and characterize the aligned CNT-reinforced nanocomposites, researchers have also performed simulations by forming RVEs containing aligned CNTs [36] . Joshi & Upadhyay [37] simulated the different alignments of double-walled CNT layers in the nanocomposite and reported that higher volume fraction of double-walled CNTs in matrix material leads to more noticeable agglomeration resulting in nonlinear behaviour of axial and lateral moduli of nanocomposite material. In addition, micromechanics approach has also been utilized to study the elastic properties of aligned CNT-reinforced nanocomposite [38] .
Exceptionally high strength and stiffness properties of CNTs and its effect on the mechanical and/or thermal properties of CNT-nanocomposite at nanoscale further necessitates the study of behaviour of various structural elements at macroscale, such as beams, plates and shells that are made of CNT-reinforced nanocomposite [39] [40] [41] [42] . One of the most interesting characteristics of actual thin platelike structures is to be able to defy larger compression and/or shear loads after reaching bifurcation point i.e., buckling point. The evaluation of the full load-carrying capacity of these structures beyond the bifurcation point has been an area of intense study. Different buckling and postbuckling studies of CNT-reinforced nanocomposite plates are available in the literature. For instance, Shen & Zhu [43] analyzed the sandwich plates with CNT-reinforced nanocomposite face sheets resting on elastic foundations to predict its postbuckling behaviour under thermal environment. Foroughi et al. [44] studied the mechanical buckling behaviour of thick CNT-reinforced nanocomposite plates resting on an elastic foundation. Malekzadeh & Shojaee [45] have studied the CNT-reinforced buckling behavior of quadrilateral laminated plates. In 2009, Shen [46] utilized the MD simulations to predict the size and temperature dependent material properties of CNT and studied the nonlinear bending behaviour of CNTreinforced nanocomposite plate. It was established that the load-bending moment curves of the nanocomposite plate can be significantly increased by the functionally graded reinforcement of CNTs. Unlike the traditional CNTreinforced nanocomposite plates, functionally graded distribution of CNTs in matrix materials possess desired material properties [47, 48] . To estimate the stiffness properties of functionally graded CNT (i.e., FG-CNT) reinforced nanocomposites, the micromechanical models, such as Eshelby-Mori-Tanaka scheme [48, 49] , and the extended rule of mixtures [50] have been successfully applied by many researchers. Shen & Zhang [51] predicted the thermal buckling and postbuckling behavior of FG-CNT reinforced nanocomposite plates. Zhang et al. [52] studied the buckling behavior of FG-CNT reinforced thick skewed nanocomposite plate using improved element-free moving least-square Ritz method. Using the same approximations for the field variables in the Ritz method, the postbuckling behavior of the FG-CNT nanocomposite plate resting on Pasternak foundations was studied by Zhang and Liew [53] , and plate with edges elastically restrained against translation and rotation was analyzed by Zhang et al. [54] .
In this paper, a cohesive zone model is utilized to characterize the interphase zone between CNT and matrix materials in terms of its Young's modulus and thickness. Thereafter, an equivalent solid fiber (ESF) of CNT along with interphase zone is modeled. ESFs are distributed with random-positions & -orientations and with random-positions but aligned in the matrix material by employing Boolean based RSA technique to make a nanocomposite. The effective elastic properties of the nanocomposite material are evaluated with the application of finite element method (FEM) based numerical homogenization technique for different volume fractions of CNT reinforcement. The obtained stiffness properties of nanocomposite material are further utilized to model different non-homogeneous functionally graded (i.e., FG) CNT-reinforced nanocomposite plates by varying the volume fraction of CNT along thickness direction. The buckling and postbuckling behaviour of FG-CNT-reinforced nanocomposite plate, with and without considering interphase effect, under in-plane compressive loading are studied. The non-linear FEM formulation for the nanocomposite plate analysis was based on the first-order shear deformation theory and von Karman's assumptions. Arclength method is utilized to solve the resulting nonlinear finite element algebraic equations. Different studies are performed to study the effects of perfect and imperfect bonding between CNT and matrix material, type of CNT-distribution in FG plate, CNT-alignment, geometric parameters (i.e., aspect ratio and width-to-thickness ratio), boundary conditions and type of loading (i.e., uniaxial and bi-axial compression) on the postbuckling behaviour of FG-CNT-reinforced nanocomposite plate.
Equivalent Solid Fiber Model
The same cohesive zone model based on vdW interactions between CNT and matrix material described by Jiang et al. [15] and also utilized by Srivastava & Kumar [55] to predict the thickness (h 0 ) and elastic modulus (E I ) of interphase zone is employed in the current study to evaluate the linear elastic behavior of equivalent solid fiber (ESF). The detailed description of this model to find the thickness (h 0 ) and elastic modulus (E I ) of interphase zone can be found in Ref. [55] , and for ready reference the important equations are given in sequel.
The equilibrium distance between the CNT and matrix material (i.e., h 0 ) is given as:
( 1) where, σ I is referred as vdW radius and represents the distance at which the intermolecular potential between the two atoms vanishes and it measures how close two nonbonding atoms can approach. The elastic modulus of the interphase region (i.e., E I ) for the equilibrium position (i.e., r = h 0 ), is given by:
where r and Ro represent the distance between the CNT & matrix material and the outer radius of CNT, respectively, and the area density (ρ C ) and volume density (ρ m ) specify the number of carbon atoms per unit surface area of CNT and number of atoms per unit matrix volume, respectively. The well depth (ϵ I ) and vdW radius (σ I ) of the LJ potential curve for the interphase zone between CNT and that of matrix material can be evaluated by employing the widely used Lorentz-Berthelot (LB) mixing rule [56, 57] . After obtaining the Young's modulus (E I ) and thickness (h 0 ) of the interphase zone, the cylindrical continuum structure of CNT and the interphase zone between CNT and matrix material is replaced by an ESF in accordance with micromechanics assumptions, and that is further utilized to form an RVE, as shown in Fig. 1 . While constructing ESF, the same axial force is applied on the CNT & interphase zone and the ESF to obtain the effective radius of ESF by equaling axial deformation of the CNT & interphase zone and the ESF [13] . Therefore, the axial force applied on the ESF is given as:
where, F CNT and F INT are the fractions of applied force (i.e., F ESF ) borne by CNT and interphase zone, respectively. Similarly, the same axial deformation of CNT, interphase zone and ESF can be represented as
where, ∆L represents the change in longitudinal length. By solving Eqs. (3) & (4) for the radius of ESF (i.e., r ESF ), the following Eq. (5) is obtained in terms of Young's modulus (E) and cross-section areas of CNT (i.e., A CNT ) and interphase region (i.e., A INT ).
where, r i (= R− t 2 ) and ro (= R+ t 2 ) are the internal and external radii, respectively, of the equivalent continuum hollow CNT. Where the wall thickness (t) is taken as 0.34 nm, and the radius of atomistic CNT model (R) is computed using
wherein b is C-C bond length, taken as 0.142 nm, and n & m represent the chiral index of CNT. Further, in Eq. (5) r 3 represents the outer radius of the interphase zone calculated as (ro + ho).
To predict the radius of ESF using Eq. (5), the required value of Young's modulus of ESF (i.e., E ESF ) is computed by using rule of mixtures, as given below:
where V CNT represents the volume fraction of CNT in CNTinterphase system and it is computed as
3 Modeling of ESF-Reinforced RVE
Generation of RVE with non-overlapping ESFs
To estimate the elastic properties of CNT-reinforced nanocomposite, it is prerequisite to create an RVE that captures the major features of underlying CNT reinforced in a matrix material [58, 59] . In the present study, a periodic cubic RVE containing randomly-oriented and -positioned
ESFs is utilized to evaluate the homogenized elastic properties of the nanocomposite material. ESFs are described by its origin O and Euler angles θ & ϕ in the xyz coordinate system, as shown in Fig. 2 . The integer values of Euler angles θ ∈ (0, 2π) and
2 ) are chosen in such a way that these values are randomly and uniformly distributed in the ranges specified, as per the procedure described by Abd El-Rahman and Tucker III [30] . To model the RVE, Boolean based RSA algorithm proposed by Liu et al. [32] , also shown in Fig. 3 , is employed to generate a set of non-intersecting ESFs in the RVE. To maintain the periodicity of the RVE, 26 periodic images of an ESF are generated in a 3-D space contained within x, y, z = ±a with origin taken at the end of that ESF, as illustrated in Fig. 4 . Further, as mentioned in Fig. 3 , a new ESF is kept on adding into the RVE till the volume fraction of CNT (i.e., V f ) reaches to the reference volume fraction (i.e., V ref ), and when the reference volume fraction is reached, the parts of ESFs lying outside the RVE boundary are chopped off to form the resulting RVE, as shown in Fig. 5(a) . The same methodology is also utilized to from RVEs with randomlypositioned, but aligned, as shown in Fig. 5(b) . 
Numerical homogenization
The RVE, constituting of ESFs and matrix material is a heterogeneous nanocomposite medium at nano scales, is to be used to estimate the effective stiffness properties of nanocomposite material that is considered as a homogeneous medium at larger scales (i.e., micro, meso or macro scales). Consequently, it is necessary to employ a homogenization technique to find a homogeneous medium equiv- alent at micro, meso or macro scales to the original heterogeneous nanocomposite at the nano scale. The actual nonhomogeneous stress and strain fields within the heterogeneous RVE are volume-averaged to get stress and strain in the equivalent homogeneous medium using finite element method (FEM). With the basic assumptions of linear elasticity of CNTs and matrix materials, the homogenization method followed in the present study for evalu- ating average stress and strain over the RVE, and subsequently calculating the effective moduli (that describe the average material properties) of the actual heterogeneous nanocomposite is same as described in Kumar & Srivastava [4] .
Micromechanics Based Analytical Model
In this section a semi-empirical approach employed for the validation of results obtained from FEM based procedure, discussed in Section 3.2, is described. Under the assumption of perfect bonding between the reinforcement and matrix, Tsai-Pagano method has been widely used to estimate the elastic properties of 3D-oriented nano-filler reinforced nanocomposites [60, 61] using the transverselyisotropic properties of a single-CNT RVE. In the present study too, under the same assumption of a perfect bonding between ESFs (equivalent solid fibers) and matrix materials, Tsai-Pagano model is utilized to validate the FEM based results for 3D-oriented ESFs reinforced nanocomposites. It is to mention here that the FEM-based results are considered in the subsequent study on postbuckling behavior of FG-CNT nanocomposite plate, in Section 9.2. The Tsai-Pagano model is given by the following equations:
where, E represents the Young's modulus of the resulting isotropic nanocomposites containing 3D-oriented ESFs reinforcements; E 1 and E 2 are the longitudinal and transverse Young's modulus of a single-ESF reinforced RVE. Analytically, E 1 and E 2 can be estimated by the Halphin-Tsai method using following equation:
where, the reinforcing factor ξ depends on reinforcement geometry (i.e., circular or rectangular) and its packing pattern, and further it has different expressions to evaluate different composite moduli (i.e., bulk modulus, transverse shear modulus, longitudinal shear modulus) and thus also depends on the corresponding loading conditions [62] . The values of ξ in present work are taken as 2L d & 2 for evaluating E 1 and E 2 , respectively, for circular reinforcement packed in square array [63] . The subscripts 'm' and 'f ' correspond to the matrix and the reinforcement (i.e., ESF), respectively. The volume fraction v f of the reinforcement in the RVE is calculated using
where, r ESF is the radius of the ESF, a represents the side of square RVE, and n is the number of ESFs.
Functionally graded (FG) ESF-reinforced nanocomposite plate
In the present study, an actual FG-ESF-reinforced nanocomposite plate, with continuously varying material properties in thickness direction, is modeled as a laminate composed of multiple perfectly-bonded nanocomposite layers with varying volume fraction of ESFs. Three types of FG-ESF-reinforced nanocomposite plates are modeled by varying the volume fraction of ESF along thickness direction, as shown in Fig. 6 , and are designated as FG-A, FG-B and FG-C, where FG-A refers to the model with volume fraction of ESF decreasing linearly from maximum at outermost layer to minimum at innermost layer of nanocomposite laminate, the reverse of FG-A (i.e., linear variation of volume fraction of ESF from maximum at innermost layer to minimum at outermost layer) represents FG-B, and the model FG-C contains uniform volume fraction of ESF in each layer and thus this model is also referred as the uniformly distributed ESF-reinforced nanocomposite plate.
Finite Element Procedure for Postbuckling Study of FG-ESF-reinforced Nanocomposite Plate
The non-linear FEM formulation is based on the firstorder shear deformation theory (FSDT) along with geometric nonlinearity as per von-Karman's assumptions. Eightnoded shell element (i.e., SHELL281), having six degrees of freedom at each node, viz. three translations and three rotations in x, y and z directions, is employed to discretize the FG-ESF-reinforced nanocomposite plate. The obtained set of nonlinear algebraic equations is solved by arc-length method. A complete formulation for postbuckling analysis is provided by Kubiak [64] , but for the sake of ready reference a brief description of the procedure is given below. ANSYS uses incremental approach to solve the problems incorporating geometric non-linearity. In incremental approach, load is applied in small increments in order to make the structure respond linearly during each increment [65] . But incremental analysis must include some type of imperfection, in the geometry, material, or alignment of loads, otherwise it will track the linear solution, revealing no bifurcations or limit point. For smaller imperfections, the incremental approach will follow more closely the path of perfect structure. Whereas, for a structure with large imperfections, its post-critical path will deviates more from that of the perfect structure [66, 67] . Thus, studies involving buckling and postbuckling analysis of thin plate like structures under in-plane compressive loads also need some kind of imperfections in terms of out-of-plane displacement (provided either by a little transverse force or by specifying a small initial displacements) to initiate buckling response. Therefore, in the present study, the buckling and postbuckling analysis of FG-ESF-reinforced nanocomposite plate are performed in two stages: (1) eigen value linear buckling analysis, and (2) nonlinear (geometric) postbuckling analysis. In the eigen-value buckling analysis, the buckling load and corresponding buckling mode are evaluated, and thereafter, the buckled mode shape is further employed to provide an initial tiny perturbation/imperfection into the FG-ESF-reinforced nanocomposite plate. Subsequently, the nonlinear postbuckling analysis of FG-ESFreinforced nanocomposite plate using FEM is performed by utilizing an iterative procedure wherein the in-plane compressive load on the FG-ESF-reinforced nanocomposite plate is increased gradually in each successive step, and the corresponding out-of-plane deformation is obtained.
The nonlinear algebraic equations of a discrete system are given by:
where [︀K]︀ is the tangent stiffness matrix depending on the nodal displacement {u}, and net nodal force vector {P}.
At a particular load step, Eq. (12) for the i th iteration can be rewritten as:
where the increment of displacement (i.e., ∆u i ) is assumed to comply the following expression:
and,
wherein the {︀ P a }︀ represents the applied nodal force vector adjusted via the load factor ζ (-1< ζ < 1) in the subsequent iterative process, and {︀ P r i }︀ is the restoring forces vector for the i th iteration.
Therefore, the Eq. (13) in the incremental form for any intermediary step (i.e., at the substep n and the iteration i) has the following form:
The incremental load factor (i.e., ∆ζ ) is evaluated by the arc-length (l i ) for the i th iteration, as reported by Forde & Stiemer [68] , and given as:
where, β represents the scaling factor and ∆un is the sum of all the displacement increments ∆u i up to i th iteration of the current load step. The convergence for each iteration process is checked by following the error tolerance procedure:
where R refers to residual force at each iteration (i.e.,
and αis a tolerance parameter which is chosen as 10 −4 .
FEM based software ANSYS is used to carry out the buckling and postbuckling study of FG-CNT-reinforced nanocomposite plate through a macro written in APDL (i.e., ANSYS Parametric Design Language).
Verification Studies

For the Characterization of Nanocomposite
To verify the procedure followed in the current paper to characterize nanocomposite material, a Mg-ESF nanocomposite system is considered and its effective elastic modulus obtained through FEM (refer Section 3.2) is compared with the value obtained through semi-empirical Tsai-Pagano method and also with the available experimental result in the literature. Zig-zag CNT of chirality (50,50) is reinforced into the Mg matrix material. The material constants of CNT and Mg matrix are given below: Matrix: Young modulus Em= 45 GPa, Poisson's ratio υ = 0.3, CNT: Young modulus E f = 1 TPa, Poisson's ratio υ = 0.3, and, the geometric dimensions taken for CNT are as follows:
Length L CNT = 100 nm, Thickness of CNT, t = 0.34 nm.
Initially, an interphase zone between CNT and Mg matrix is characterized in terms of its elastic modulus and thickness (i.e., equilibrium distance, h 0 ) computed using Eqs. (1) & (2), respectively. The required values of LJ potential parameters, i.e., vdW radius (σ) & bond energy (ϵ) [69] , and the density & atomic mass unit of Mg matrix are given in Table 1 . The value of volume density ρ m , defined as the number of atoms per unit matrix volume, of Mg matrix material is evaluated as the ratio of matrix mass density to the mass of one atom of the matrix material, as given in Table 1 . For carbon atoms in CNT, the values of bond energy and vdW radius between a pair of carbon atoms are taken as: ϵ C = 0.002390 eV and σ C = 0.3415 nm, respectively, and the value of the area density of carbon atoms in CNT is taken as 3.8177×10 19 1 m 2 [70] . These vdW radii and bond energies of Mg and C atoms are utilized to evaluate the vdW radius and bond energy for the interphase region (i.e., σ I and ϵ I ) using LB mixing rule. Thereafter, ESFs are randomly-positioned & -oriented into the matrix material to form an isotropic RVE using RSA technique to characterize the Mg-ESF nanocomposite material system for its elastic modulus. The obtained value of elastic modulus of nanocomposite is compared in Table 2 with the value obtained from semi-empirical TsaiPagano method as well as with the experimental value reported in Ref. [71] . As observed in Table 2 , a good agreement can be seen in the compared values of elastic modulus of nanocomposite. It is to mention here that the same procedure is utilized in Section 9.2 of the present study to characterize Mg-ESF nanocomposite material for its stiffness properties.
Postbuckling Analysis
Buckling and postbuckling response of FG-ESF-reinforced nanocomposite plate are studied using FEM-based AN-SYS software, and to verify the process an isotropic and homogeneous, simply-supported square plate under uniaxial edge compression is considered. The obtained buckling load and postbuckling response are compared with those reported by Sundaresan et al. [72] and Le-manh and Lee [73] . The material properties and width-to-thickness ratio taken for comparison purpose are the same as used by Sundaresan et al. [72] and Le-manh and Lee [73] , and are given below:
While comparing, the results -the applied uni-axial edge compressive load Nx and the corresponding maximum transverse deflection of plate (wmax) -are normalized as below:
where D, the flexural rigidity of plate, is given by , and b represents the side of the square plate, and h is the thickness of the plate.
A good agreement of buckling load and postbuckling response obtained in the present study with those obtained by Sundaresan et al. [72] and Le-manh and Lee [73] can be seen in Fig. 7 . 
Problem Definition
In this paper, initially an ESF is formed to represent a CNT along with interphase zone. Mg is taken as matrix material. The isotropic effective material constants of heterogeneous nanocomposite material are estimated by the proper application of periodic boundary conditions on an RVE containing randomly-oriented and -positioned ESFs and generated through RSA technique demonstrated in 
Results and Discussions
Effective Material Constants of ESF/CNT Nanocomposite
In this section, initially the effective material constants of CNT-reinforced nanocomposite are estimated using FEM for various volume fractions of reinforcement (taken in the range 1-5 %) without considering the interfacial effect between CNT and matrix material. The perfectlybonded CNT-reinforced nanocomposite RVE is modeled by the Boolean-based RSA technique, as discussed in Section 3.1. Thereafter, the effective material constants of perfectly-bonded CNT-reinforced nanocomposite material are obtained through the homogenization technique as discussed in Section 3.2 and the evaluated effective material constants are listed in Table 3 . Thereafter, the modelling of ESF-reinforced nanocomposite is performed by the Boolean-based RSA technique, for the volume fractions taken in the same range (i.e., 1-5%). Table 4 represents the effective material constants of randomly-oriented & -positioned ESF-reinforced nanocomposite. As observed from Tables 3 & 4 that the effect of interphase zone results in substantial reduction in stiffness properties of randomly-oriented & -positioned ESF-reinforced Mg-nanocomposite. In order to study the effect of alignment of nanofiller on the stiffness properties of nanocomposite, the aligned (in x-direction) ESFreinforced RVE is also modelled and the obtained effective material constants are given in Table 5 . It can be observed from the Table 5 that ESF-alignment leads to enhanced elastic modulus of nanocomposite material in the direction of alignment as compared to the randomly-oriented & -positioned ESF-reinforced nanocomposites.
Postbuckling Behavior of FG-CNT/ESF Nanocomposite Plate
The effective elastic constants of FG-CNT/ESF nanocomposite obtained in the previous section are utilized further in this section to study the effects of perfect & imperfect bonding, type of ESF distribution (i.e., FG-A, FG-B and FG-C), ESF-alignment, geometric parameters (i.e., aspect ratio and width-to-thickness ratio) and loading & boundary conditions on buckling and postbuckling responses of FG-ESF-reinforced nanocomposite plates. Except the study on the effect of type of distribution of ESF on postbuckling behavior of nanocomposite plate, all other studies are conducted for FG-A type distribution of FG-ESF reinforced 
Convergence study
To fix the number of layers of FG-CNT-reinforced nanocomposite plate [to model the actual non-homogeneous FG-CNT-reinforced nanocomposite plate with continuously varying properties (only in thickness direction) plate into a laminated plate with multiple perfectly-bonded layers of isotropic material having layer-wise constant composition, but varying along thickness], a convergence study is conducted for an SSSS FG-A (refer Fig. 6 ) type CNTreinforced nanocomposite plate for 10, 12 and 14 layers. The convergence of buckling load and postbuckling strength (corresponding to W * = 0.5) are checked for SSSS FG-A type CNT-reinforced nanocomposite plate with b/h = 50, under uni-axial compression. Results of convergence study are shown in Table 6 . It can be observed from Table 6 that results for buckling load and postbuckling strength (corresponding to W * = 0.5) for the CNTreinforced nanocomposite plate are converged reasonably for 12 layers. 
Postbuckling studies
The effect of type of bonding (i.e., perfect and imperfect) between CNT and matrix material on the postbuckling response of simply-supported FG nanocomposite plate is studied and shown in Fig. 8 . It can be seen from Fig. 8 that the nanocomposite plate having perfect bonding between CNT and matrix material has the highest buckling load and postbuckling strength corresponding to a particular value of transverse deflection for all three types of nanofiller distribution in Mg matrix (i.e., A-, B-and Ctype). For instance, perfectly bonded FG-A type nanocomposite plate have approximately 3.01 % and 5.49 % more buckling load and postbuckling strength (corresponding to W * = 0.5), respectively, than the imperfectly bonded FG-A type nanocomposite plate. This reduced enhancement in the buckling load and postbuckling strength can be attributed to the reduced enhancement in stiffness properties of nanocomposite caused by weak interphase between CNT and Mg matrix material that would result in poor load transfer to the CNT in the case of imperfect bonding. This finding is in good concurrence with the similar observations reported in the literature [74, 75] . It can also be observed from Fig. 8 that for different types of FG nanocomposite (i.e., A-, B-and C-type) plates, the FG-B type nanocomposite plate has the lowest buckling load and postbuckling strength, while the FG-A type nanocomposite plate has the highest buckling load and postbuckling strength. This is due to the fact that the higher volume fraction of nanofillers near to top and bottom surfaces (as in FG-A type) of nanocomposite plate makes top and bottom surfaces more stiff to deform than mid-surface. Under uni-axial compression, the effect of ESFalignment on the buckling load and postbuckling response of FG-ESF nanocomposite plate are given in Table 7. It can be observed from the Table 7 that the ESFalignment (but randomly positioned) have only marginal positive effect on the buckling load and postbuckling response of FG-ESF-reinforced Mg nanocomposite plate as compared to the randomly-oriented & -positioned FG-ESF nanocomposite plate. This finding can be explained by the fact that the aligned ESF-reinforced nanocomposite possess higher axial modulus (i.e., Ex) than uniformlyoriented & -positioned ESF reinforced nanocomposite plates and, therefore, offers better resistance to in-plane compressive loading. It can also be seen from the Table 7 that A-type distribution of ESFs in matrix material offer better resistance to in-plane compressive loading (i.e., x-direction) than B-and C-type distributions in FG-ESF nanocomposite having randomly -positioned & -oriented as well as aligned ESFs.
The effects of geometric parameters (i.e., aspect and width-to-thickness ratios) on the buckling and postbuckling behavior of FG-ESF-reinforced nanocomposite plate are shown in Fig. 9 and Table 8 , respectively. The results It can be observed from Fig. 9 that with the increase in aspect ratio of nanocomposite plate, the buckling load and postbuckling strength of the nanocomposite plate decreases and for higher aspect ratios, nanocomposite plate posses only marginal postbuckling strength. The differences between the buckling loads and the postbuckling strengths of FG-ESF nanocomposite plates of lower aspect ratios are substantial, and these differences decrease for the higher aspect ratios, as shown in Fig. 9 ; therefore, it is expected that the nanocomposite plates of very high aspect ratios (beyond 4.0) would possess almost the same buckling load and postbuckling strength, and in such cases the nanocomposite plate behaves more or less as a column.
The effect of the width-to-thickness ratio (i.e., b/h) on the buckling load and postbuckling strength (at W* = 0.5) of A-type FG-ESF-reinforced nanocomposite plate is plotted in Table 8 . It is evident from Table 8 that with the increase in thickness of the nanocomposite plate, its buckling load and postbuckling strength are increased substantially.
The effects of different boundary conditions on buckling and postbuckling behavior of A-type FG-ESF Mg nanocomposite plate under uni-axial compression are studied and plotted in Fig. 10 . It can also be observed from Fig. 10 that boundary conditions have a significant effect on buckling load and postbuckling response of nanocomposite plate. The buckling load and postbuckling strength at a particular value of maximum transverse deflection of FG-ESF-reinforced Mg nanocomposite plate show an increasing trend as the edge conditions are successively changed from simply-supported to clamped, i.e., the buckling load and postbuckling strength of SSSC nanocomposite plate are more than that of SSSS plate.
The effects of loading conditions (i.e., uni-axial and bi-axial compression) on the load-deflection response of SSSS A-type FG-ESF-reinforced nanocomposite are shown in Fig. 11 . As seen from Fig. 11 , the buckling load and postbuckling strength for the FG-ESF-reinforced nanocomposite plate under bi-axial compressive load are much lower than those under uni-axial compressive load. 
Concluding remarks
In the current study, a cohesive zone model is employed to characterize the interphase region between CNT and Mg matrix material in terms of its elastic modulus and thickness. Thereafter an equivalent solid fiber (ESF) containing CNT and corresponding interphase zone is modeled, and that are dispersed randomly into the matrix material by Boolean based RSA technique to make a nanocomposite. The effective stiffness properties of the nanocomposite material are evaluated with the application of finite element method (FEM) based numerical homogenization technique for different volume fractions of CNT reinforcement. The obtained stiffness properties of nanocomposite material are further utilized to model and study the buckling and postbuckling behaviour of functionally graded (i.e., FG) CNT-reinforced nanocomposite plate, with and without considering interphase effect, under in-plane compressive loading. The non-linear FEM formulation for plate analysis was based on the first-order shear deformation theory and von Karman's assumptions. Arc-length method is utilized to solve the resulting nonlinear finite element algebraic equations. Different studies are performed to study the effects of perfect and imperfect bonding between CNT and matrix material, CNTalignment, geometric parameters (i.e., aspect ratio and width-to-thickness ratio), boundary conditions and type of loading (i.e., uni-axial and bi-axial compression) on the postbuckling behaviour of FG-CNT-reinforced nanocomposite plate. Based on the studies conducted following conclusions are drawn: Increasing the rigidity of boundary edges of the plate by changing the edge conditions successively from all edges simply-supported to all edges clamped will show increasing trend in its buckling load and postbuckling strength at a particular value of maximum transverse deflection.
